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A note on Ka¨hler-Ricci soliton
Xiuxiong Chen, Song Sun, Gang Tian
Abstract
In this note we provide a proof of the following: Any compact KRS
with positive bisectional curvature is biholomorphic to the complex projective
space. As a corollary, we obtain an alternative proof of the Frankel conjecture
by using the Ka¨hler-Ricci flow.
The purpose of this note is to give a proof of the following theorem, which does
not rely on the previous solutions of Frankel conjecture:
Theorem 1. An n dimensional compact complex manifold admitting a Ka¨hler-
Ricci soliton with positive bisectional curvature is biholomorphic to the complex
projective space CP n.
Remark 2. Since the Futaki invariant of CP n vanishes, the Ka¨hler-Ricci soli-
ton must be Ka¨hler-Einstein. In addition, by a theorem of Berger (cf. [2], [11]), it
is actually a constant multiple of the standard Fubini-Study metric. It also follows
from the uniqueness theorem in [27].
Remark 3. Using a method which originated in [22], the above theorem was
proved in [12] without using the uniformization theorem. The proof given here is
different and we use some Morse theory.
As a by-product, one can use the method of Ka¨hler-Ricci flow to prove the fol-
lowing Frankel conjecture.
Corollary 4. Every compact Ka¨hler manifold with positive bisectional curva-
ture is biholomorphic to the complex projective space.
Remark 5. The Frankel conjecture was proved by Siu-Yau ([26]) using har-
monic maps and by Mori ([22]) via algebraic methods. In Siu-Yau’s proof, by using
the theorem of Kobayashi-Ochiai ([19]), the key thing is to show the existence of a
rational curve representing the generator of H2(M ;Z)/Tor. They first proved using
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the second variation formula that in the case of positive bisectional curvature, a sta-
ble harmonic map from the sphere is either holomorphic or anti-holomorphic. Such
a harmonic map can be constructed by an energy-minimizing process and applying
Sacks-Uhlenbeck’s blowing-up analysis. Consequently, the generator of the second
homotopy class can be represented by a single holomorphic sphere. In Mori’s proof,
such a rational curve was constructed using deformation theory of curves and some
algebraic geometry of positive characteristic.
There has been much work on attempting to prove the Frankel conjecture using
the method of Ka¨hler-Ricci flow. By a theorem of Berger (c.f. [2], [11]), it suffices
to show that the flow converges to a Ka¨hler-Einstein metric with positive bisectional
curvature. The one dimensional case was completely settled by R. Hamilton ([17]),
B. Chow ([7]) and Chen-Lu-Tian ([9]). In higher dimensions, assuming c1 > 0
and the existence of a Ka¨hler-Einstein metric, Chen-Tian (c.f. [10], [11]) proved
that if the initial metric has positive bisectional curvature, then the flow converges
exponentially fast to a Ka¨hler-Einstein metric with positive bisectional curvature. It
follows that the space of Ka¨hler metrics with positive bisectional curvature is path-
connected. In a talk at MIT, G. Perelman showed uniform estimates on the scalar
curvature and diameter along the Ka¨hler-Ricci flow and announced that the flow
with arbitrary initial metric converges to a Ka¨hler-Einstein metric if there exists
one. In [28], using an estimate of Perelman, Tian-Zhu gave a proof of the con-
vergence of the Ka¨hler-Ricci flow on any Ka¨hler-Einstein manifold via a different
method. In [8], X. Chen proved that an irreducible Fano Ka¨hler manifold with pos-
itive orthogonal bisectional curvature is biholomorphic to CP n using the Frankel
conjecture. Recently, Phong-Song-Sturm-Weinkove ([23]) proved that the Ka¨hler-
Ricci flow starting from a metric of positive bisectional curvature will converge to
a Ka¨hler-Einstein metric under various extra conditions.
Our proof of theorem 1 uses induction on the dimension n, starting from the
trivial case n = 0. Denote by An the statement of theorem 1 for dimension n, and
by Bn the statement of corollary 4 for dimension n. We will prove first that An
implies Bn, and then that Bk(k < n) implies An. So theorem 1 and corollary 4 are
proved simultaneously.
Proof of Corollary 4(An → Bn). Suppose that (M,J, g) is a n dimensional
Ka¨hler manifold with positive bisectional curvature. Then the tangent bundle TM
is ample, so in particular, c1(TM) > 0. By applying a Bochner type formula (c.f.
[3]), we know b2(M) = 1. In fact, b2k = 1 and b2k+1 = 0 for all k = 0, · · · , n.
Therefore we can assume the Ka¨hler form ω lies in the canonical class c1(TM).
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Now we run the Ka¨hler-Ricci flow:
∂
∂t
gij¯(t) = gij¯(t)− Rij¯(t),
with g(0) = g. In [6], H. D. Cao proved that the flow exists globally. By S. Bando
([1]) in dimension 3 and N. Mok ([21]) in all dimensions, the positivity of the bi-
sectional curvature is preserved under the Ka¨hler-Ricci flow. To study convergence,
we make use of a theorem of Perelman that the scalar curvature and the diameter
are uniformly bounded along the flow (cf. [25]). Thus the bisectional curvature is
also uniformly bounded along the flow, then all higher order derivative estimates of
the curvature follow easily (cf. [10]). Hence there exist a subsequence g(ti) and
diffeomorphisms fi, such that f ∗i g(ti) converges to g∞ smoothly. Moreover, we can
assume f ∗i J converges smoothly to J∞(possibly different from J) and g∞ is Ka¨hler
with respect to J∞. Using Perelman’s W functional, we can prove that (g∞, J∞)
is a Ka¨hler-Ricci soliton (cf. [24]). Clearly it has non-negative bisectional curva-
ture. We claim it actually has positive bisectional curvature. Indeed, by Lemma
6 proved near the end of this note, it suffices to show that the Ricci curvature of
g∞ is positive. It follows from the strong maximum principle for tensors along
the Ricci flow (cf. [16]) that if Ric(g∞) has a null direction at some point, then
the manifold (M, g∞, J∞) splits holomorphically isometrically into a product of a
flat factor P and another factor Q with strictly positive Ricci curvature. Both P
and Q are Ka¨hler manifolds, so b2(P ), b2(Q) ≥ 1. Hence b2(M) ≥ 2, which is a
contradiction. Therefore we have proved the claim. Now by Theorem 1, we know
(M,J∞) is biholomorphic to CP n. Since CP n has trivial local deformation, i.e.
H1(CP n,Θ) = 0 (c.f. [4], [20]), (M,J) is also biholomorphic to CP n, and this
proves Corollary 4. Note that by [11], the Ka¨hler Ricci flow here indeed converges
exponentially fast to the Fubini-Study metric. 
Now we come to prove that Bk(k < n) implies An. It uses the theorem
of Kobayahsi-Ochiai as in the previous solutions for the Frankel conjecture. By
Bishop-Goldberg (c.f. [3]), a compact Ka¨hler manifold with positive bisectional
curvature has the second Betti number equal to 1. Suppose an n dimensional com-
pact complex manifold (M,J) admits a Ka¨hler-Ricci soliton g, with the Ka¨hler
form ω(·, ·) = g(J ·, ·), i.e.
Ric(ω) = ω +
√−1∂∂f,
where f is a real function whose gradient is a holomorphic vector field, i.e. the (2,0)
part of∇∇f vanishes. In particular, we know f is a Morse-Bott function (see [14]),
i.e. the set of critical points of f consists of smooth compact submanifolds of M on
which Hess(f) is non-degenerate along the normal directions. We may assume f
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is not a constant, since otherwise (M,J, g) is Ka¨hler-Einstein and (M,J) is biholo-
morphic to the complex projective space by [2]. A critical point of f is the same as
a zero of the vector field Im∇f . Since Im∇f is Killing, the critical submanifolds
are totally geodesic in M ; since Im∇f is also holomorphic, the critical subman-
ifolds are all Ka¨hler submanifolds, and the Morse indices(the number of negative
eigenvalues of Hess(f)) are all even. By Kobayashi-Ochiai [19] (c.f. [26]), to
prove theorem 1, it suffices to show the generator of pi2(M) ≃ H2(M ;Z) modulo
torsion could be represented by a rational curve, i.e. a holomorphic map from CP 1
to M . Obviously the critical submanifolds are all Ka¨hler manifolds with positive
bisectional curvature with dimension less than n, thus by induction hypothesis they
are all biholomorphic to the complex projective spaces of various dimension. By a
general theorem of Frankel(see [14]), the following holds:
bi(M) =
∑
α
bi−λα(Fα),
where Fα’s are all critical submanifolds of f , and λα is the Morse index of Fα. Let
i = 0, 2, we have
1 = b0(M) =
∑
α:λα=0
b0(Fα),
and
1 = b2(M) =
∑
α:λα=0
b2(Fα) +
∑
α:λα=2
b0(Fα).
Therefore we have two alternatives: either there are no critical submanifolds
of index 2, or there is exactly one critical submanifold of index 2. In both cases
the minimal submanifold of f (i.e. the set of critical points achieving the mini-
mum of f ) is connected. In the first case, the minimal submanifold is a CP k for
some k ≥ 1, and the complement of the stable manifold1 of the minimal subman-
ifold has codimension at least 4. Hence a generic representative of the generator
of pi2(M)(modulo torsion) will be deformed to a surface on the minimal manifold
under the negative gradient flow of f . It is easy to see the latter must represent the
generator of pi2(CP k) and is thus homotopic to a rational curve. In the second case,
the minimal submanifold must be a point. Denote the unique critical submanifold
of index 2 by M2, and the minimal submanifold by M0. Then all the critical sub-
manifolds other than M2 and M0 have Morse indices at least 4. Denote Stab(N)
the stable manifold of the critical submanifold N . Then we have the following
stratification:
M = M0 ∪M2 ∪α Stab(Nα),
1The stable manifold of a critical submanifold N is defined to be the set of points which will
converge to N under the negative gradient flow of f . It is an open manifold of dimension comple-
mentary to the Morse index of N .
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where Nα runs over all critical submanifolds of M with Morse index greater or
equal to 4. We claim that the closure Stab(M2) is an analytic subvariety of M .
Indeed, Stab(M2) is a complex submanifold of M \ ∪αStab(Nα) with complex di-
mension n−1(Using the holomorphic gradient flow of f it suffices to prove this near
M2. The latter follows from the fact that X = ∇1,0f is linearizable at its critical
points (c.f. [5]). More precisely, near a point p in M2, by [5], we can find a coor-
dinate chart (U , {zi}) such that X = aizi ∂∂zi , where ai ≥ 0, i = 1, · · · , n − 1 and
an < 0.Thus Stab(M2)∩U is given by the hyperplane zn = 0). Since ∪αStab(Nα)
is the union of finitely many complex subvarieties of complex codimension at least
2 in M , the analyticity of Stab(M2) follows from the Levi extension theorem(see
[15]). Therefore, the cycle Stab(M2) represents an element in H2n−2(M ;Z), and
it is smooth near M2. On the other hand,near a point p in M2, we have the afore-
mentioned linearized coordinate (U , {zi}), then locally the unstable manifold of p is
given by the zn axis. Clearly the orbits of Im∇f on the zn axis are all periodic. Pick
such an orbit θ : S1 → M , then we can construct a mapR : S1(≃ R/TZ)×R→M
by defining R(s, t) to be φt(θ(s)), where φt is the integral curve of the negative gra-
dient flow of f , and T is the period of the orbit of θ. Since [∇f, J∇f ] = 0, R is
holomorphic. By the Riemann removable singularity theorem, R extends to a ratio-
nal curve, still denoted by R : CP 1 → M . It coincides with the unstable manifold
of p in U , thus R is smoothly embedded near p, intersecting Stab(M2) transversally
at exactly one point p. So the intersection number of integral homology classes
represented by Stab(M2) and R is 1. It follows that R represents a generator of
pi2(M)(modulo torsion). Now the remaining follows from standard arguments. By
a well-known result of Grothendieck, the quotient bundle R∗(TM/TCP 1) splits
into a direct sum of line bundles Q2, · · · , Qn, each Qi (2 ≤ i ≤ n) is positive. It
follows that
c1(R
∗TM) = c1(CP
1) +
n∑
i=2
c1(Qi).
Hence c1(TM) evaluated at [R] is bigger or equal to n + 1. That is, c1(TM) ≥
(n + 1)c1(F ), where F is the line bundle on M such that 〈c1(F ), [R]〉 = 1. By the
result of Kobayashi-Ochiai ([19]), M is biholomorphic to CP n. This finishes the
proof of Theorem 1. 
We need the following lemma in the proof of Corollary 4.
Lemma 6. Along the Ka¨hler-Ricci flow, suppose there are positive constants T0
and C, such that for t ∈ [T0,+∞), g(t) has positive bisectional curvature and the
Ricci curvature of g(t) satisfiesRic(g(t)) ≥ C ·g(t). Then the bisectional curvature
of g(t) is uniformly bounded below from 0.
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Proof. We follow an idea in [8] which is essentially an application of the maxi-
mum principle. Along the Ka¨hler-Ricci flow, we have the following evolution equa-
tions:
∂gij¯
∂t
= gij¯ − Rij¯ ;
∂R
∂t
= ∆R + |Ric|2 − R;
∂Ric
∂t
= ∆Ric +Ric · Rm−Ric2;
∂Rij¯kl¯
∂t
= ∆Rij¯kl¯ +Rij¯pq¯Rqp¯kl¯ − Rip¯kq¯Rpj¯ql¯ +Ril¯pq¯Rqp¯kj¯ +Rij¯kl¯
−1
2
(Rip¯Rpj¯kl¯ +Rpj¯Rip¯kl¯ +Rkp¯Rij¯pl¯ +Rpl¯Rij¯kp¯). (1)
Here we define
(Ric · Rm)ij¯ = Rlk¯Rij¯kl¯,
and
(Ric2)ij¯ = Rik¯Rkj¯.
Now we put S = Rm− µ(g ∗Ric), where µ is a function of t, and
(g ∗Ric)ij¯kl¯ = gij¯Rkl¯ + gkl¯Rij¯ + gil¯Rkj¯ + gkj¯Ril¯.
Then
Skl¯ = (1− (n+ 2)µ)Rkl¯ − µR · gkl¯,
i.e
Sic = (1− (n + 2)µ)Ric− µR · g,
where Sicij¯ = gkl¯Sij¯kl¯. Therefore, by a straightforward calculation, we obtain
∂Rij¯kl¯
∂t
= Sij¯kl¯ + µg ∗ (∆Ric)ij¯kl¯ + µ(g ∗Ric)ij¯kl¯ + µ[(g ∗ (Ric · S))ij¯kl¯ + (Ric ∗ Sic)ij¯kl¯] + I
−µ[(Ric ∗Ric)ij¯kl¯ + (Ric2 ∗ g)ij¯kl¯],
where Sij¯kl¯ denotes the right side of (1) with Rij¯kl¯ replaced by Sij¯kl¯, and
I = µ2[(g ∗Ric)ij¯pq¯(g ∗Ric)qp¯kl¯ − (g ∗Ric)ip¯kq¯(g ∗Ric)pj¯ql¯
+(g ∗Ric)il¯pq¯(g ∗Ric)qp¯kj¯].
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Finally we calculate:
− ∂
∂t
(µ(g ∗Ric)ij¯kl¯) = −µ′(g ∗Ric)ij¯kl¯ − µ(
∂g
∂t
∗Ric)ij¯kl¯ − µ(g ∗
∂Ric
∂t
)ij¯kl¯
= −µ′(g ∗Ric)ij¯kl¯ − µ(g ∗Ric)ij¯kl¯ + µ(Ric ∗Ric)ij¯kl¯
−µ(g ∗ (∆Ric))ij¯kl¯ − µ(g ∗ (Ric ·Rm))ij¯kl¯ + µ(g ∗ (Ric2))ij¯kl¯.
It follows that
∂Sij¯kl¯
∂t
= Sij¯kl¯ + µg ∗ (∆Ric)ij¯kl¯ + µ(g ∗Ric)ij¯kl¯ + µ[(g ∗ (Ric · S))ij¯kl¯ + (Ric ∗ Sic)ij¯kl¯] + I
−µ[(Ric ∗Ric)ij¯kl¯ + (Ric2 ∗ g)ij¯kl¯]− µ′(g ∗Ric)ij¯kl¯ − µ(g ∗Ric)ij¯kl¯
+µ(Ric ∗Ric)ij¯kl¯ − µ(g ∗ (∆Ric))ij¯kl¯ − µ(g ∗ (Ric · Rm))ij¯kl¯ + µ(g ∗ (Ric2))ij¯kl¯
= Sij¯kl¯ + µ
2(g ∗ (Ric · (g ∗Ric))ij¯kl¯ + µ(Ric ∗ Sic)ij¯kl¯ − µ′(g ∗Ric)ij¯kl¯ + I
= Sij¯kl¯ + µ(Ric ∗Ric)ij¯kl¯ + µ2(g ∗ (Ric · (g ∗Ric)))ij¯kl¯
−µ2(Ric ∗ ((n+ 2)Ric+R · g)ij¯kl¯ − µ′(g ∗Ric)ij¯kl¯ + I.
Notice that I = O(µ2). Since Ric(g(t)) ≥ C · g(t) for t ≥ T0, if µ(t) ≡ µ(0) ≡
µ > 0 is sufficiently small, we have
(
∂
∂t
−)Sij¯kl¯ ≥ 0.
Now by the maximum principle as in [21], we see that Si¯ijj¯ ≥ 0 for all t ≥ T0.
Thus Ri¯ijj¯ ≥ µ(g ∗Ric)i¯ijj¯ ≥ µC(g ∗ g)i¯ijj¯ . 
Remark 7. By a more careful study of critical submanifolds of f and using
the localization formula, it may be possible to give a direct proof of vanishing of
the Futaki invariant associated to the holomorphic vector field induced by f . If
so, one would obtain a proof of Theorem 1 which does not rely on the theorem of
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Kobayashi-Ochiai.
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